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Abstract: This paper presents a computational model using the finite element (FE) method to simulate piezoelectric vibrations 
energy harvesters for power optimization in the context of small size applications. A version of the simulated annealing algorithm is 
used to optimize power. Four common configurations, viz; longitudinal generator, transverse generator, unimorph and bimorph are 
considered. The electrical machine linked to the harvester is represented by a resistance. In the first part of the study, the FE model 
is validated. In the second part, the harvested power is optimized varying material orientation and changing piezoelectric material 
between BaTiO3 and PZT-5H in non-resonance for different 1Hz loadings. It is observed that the best material orientation & best 
material can change with the loading type and the results are discussed. In the third part, the material orientation optimization is 
performed near resonance frequency for unimorph and bimorph configurations. The need to include material's hysteretic damping is 
demonstrated. Moreover, the optimal orientation near resonance excitation can be different from those obtained for 1 Hz. Results 
are shown and discussed. Next the power sensibility to resistance is presented for resonance maximum power orientations; results 
are discussed. Finally unimorph harvested power is optimized for a collection of frequencies near resonance; results are discussed. 
 

1. Introduction 

    The technological development that happened along years 
with computers, mobile phones and others showing increased 
power efficiency over time encourage scientists and engineers 
to think about energy harvesters powering low power 
consumption devices. Nowadays with the human impact on day 
to day life there are two sources of energy which can be 
harvested, i.e., natural energy and human technology. The 
natural energy sources are the wind, waves, solar, human 
movements and so on. The human technology energy sources 
are engines, industrial machines movement, wash machines, 
etc. Past works [1 to 2] have shown power harvesting using 
piezoelectric materials as possible using these sources. 
However they also show that a single piezoelectric harvester 
produces low power. For example a piezofiber composite plate 
of 2.2 𝑐𝑚3 produces 120 mW. This creates the need to increase 
the power which harvesters can produce. 
    This paper is focused in the conversion of vibration energy 
into electrical energy using piezoelectric materials. All types of 
energy sources are considered as long they cause vibrations. 
Various works [1 to 7] have been reported studying 
piezoelectric materials as vibration energy harvesters. Some 
important conclusions from these references to this work are 
presented next. Past works showed lead zirconate titanate 
(PZT) to be one of the most efficient materials for power 
harvesting. However PZTs have a brittle nature and a low 
tensile strength causing a limitation to the stress the material 
can take. For example, the PZT-5H [8] has a tensile strength of 
75.84 MPa. Past works showed that piezoelectric harvesters 
can work in -33 mode or axial mode and -13 mode or bending 
mode. The –𝑖𝑗 mode means that a time variable strain occurs in 
direction 𝑖 causing an electrical field in 𝑗 direction. In the work 
[7] to identify properly day by day vibrations which can be used 
by harvesters it is measured acceleration vs frequency for 
various ambient vibrations sources. It is found first acceleration 
peaks occur for frequencies in the range 1 to 200 Hz plus the 
higher frequency peaks have lower accelerations. In parallel to 
these experiments a theoretical work [6] shows that when a 
circuit is connected to the piezoelectric material to harvest 
mechanical vibrations energy the physical solution of the 
piezoelectric material (displacements, electrical field, etc) is 

mathematically coupled with the physical solution of the 
connected circuit (current, potential difference, etc). In other 
words, a coupled circuit & piezoelectric material system of 
equations results. Various works have proposed analytical 
solutions [3 to 6 & 9 to 17] and FE method solutions [3 to 4 & 
18 to 24] to this problem. The works [3 to 4], [21], [23 to 24] 
present FE analysis results in good agreement with the 
experimental ones showing the finite element method as a tool 
suitable to analyze piezoelectric energy harvesters. When 
modelling piezoelectric materials using the FE method the 
piezoelectric material properties are assumed constant. 
However the properties can change with electrical field and 
others as presented in [25]. This is one limitation of the current 
finite element methods. Piezoelectric materials have hysteretic 
damping associated with dielectric, mechanical and 
piezoelectric losses. Near resonance the mechanical losses are 
the most significant of the three [26]. This hysteretic damping 
can be modelled using the FE method considering a constant 
damping ratio [19].  
    In parallel to the previous studies the homogenization theory 
has been used as a tool to tailor piezoelectric materials and 
represent polycrystalline piezoelectric materials [27 to 31]. One 
of the methods used consists in calculating the equivalent 
mechanical properties of a material whose microstructure 
repeats infinitely, i.e., the microstructure is periodic and the 
size of the periodic microstructure is much smaller than the 
material one. This opens the possibility and the interest of 
having composites microstructures with different materials 
orientations, microstructure with holes and so on.  
   This paper is divided in three parts. In the first part the linear 
piezoelectric constitutive equations are presented and its 
validity is discussed. The problem governing equations are 
presented and the FE models are validated. In the second part 
the harvested power is optimized varying material orientation 
for different loadings using the FE models faraway resonance. 
The third part introduces the damping ratio to model hysteretic 
damping. It is optimized the harvested power for modal 
frequencies varying material orientation. Next the power 
sensibility to resistance value is observed for maximum 
resonance power orientations. Finally the unimorph power is 
optimized for a collection of frequencies.  
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2. Piezoelectric Problem, Harvesters Configurations, 
Material Properties & FE Model Validation 
    In this section the linear piezoelectric equations are revisited 
and its applicability is discussed. The overall harvesters physics 
is presented. A FE model is developed and validated using 
theoretical results. 
 

2.1. Linear Piezoelectric Constitutive Equations, Electrodes 
& Conductors Resistivity 
    Considering the displacement gradient 𝑢𝑖,𝑀 and electrical 

potential 𝜙,𝐾   being infinitesimals, i. e., |𝑢𝑖,𝐾| ≪ 1  &  |𝜙,𝐾| ≪ 1 

the linear piezoelectric material constitutive equations are 
obtained [32]: 

{𝑆} = [𝑆𝐸]{𝑇} + [𝑑]𝑡{𝐸𝑘}    (1.1) 
{𝐷} = [𝑑]{𝑇} + [𝜀𝑇]{𝐸𝑘}    (1.2) 

In the equations 1 {𝑆} is the strain vector, [𝑆𝐸] is the 
compliance measured in constant electrical field, {𝑇} is the 
stress vector, [𝜀𝑇] is the dielectric matrix measured in constant 
stress, {𝐸𝑘} = 𝜙,𝑘  is the electrical field, {𝐷} is the electrical 

displacement and [𝑑] is the electric polarization generated in 
the material per unit mechanical stress applied to it. Each 𝑑𝑖𝑗  

element of matrix [𝑑] is the induced polarization in direction 𝑖 
per unit stress applied in direction 𝑗 (note [𝑑] is a 3x6 matrix). 
Note in these equations the superscript 𝑡 outside a matrix 
means it is its transpose matrix. Observing equation 1 it is 
noted that an applied electrical field or stress causes material 
deformation and electrical displacement. 
    In piezoelectric vibration energy harvesters typically 
electrodes are used to link the piezoelectric material to the 
circuit. Each electrode has a constant electrical potential on a 
surface 𝑆𝜙. The total free electrical charge crossing 𝑆𝜙 is given 

by expression 2. The change of free electrical charge over time 
results in a current going out of the electrode which is given by 
expression 3. 

𝑄𝑒 = ∫ −𝑛𝑖𝐷𝑖𝑑𝑆
𝑆𝜙

    (2) 

𝐼 = −𝑄𝑒̇     (3) 

In some configurations of piezoelectric energy harvesters 
electrical conductor materials are used as substrate. The 
conductivity can be modeled using the FE method as a circuit 
connecting electrodes or others with an equivalent resistance 
using: 

𝑅𝑒𝑞 =
𝑟𝑒𝑙

𝐴
    (4) 

where 𝑟𝑒  is the material resistivity, 𝐴 is the cross section area 
and 𝑙 is the length of the conductor perpendicular to area 𝐴. 
 

2.2. Linear Piezoelectric Constitutive Equations for Non 
Infinitesimal Electrical Fields 
    In other works [3,12 & 19] for some configurations high 

electrical fields have been observed, i. e., |𝜙,𝐾| not ≪ 1. This 

creates the need to understand for which conditions the 
constitutive equations are still linear. The problem of 
determining the piezoelectric constitutive equations [32] is to 
solve equations 5. The total energy density is given by 𝐾 where 
strain and electrical field terms higher than order 2 are not 
presented plus products of them being higher than order 2. In 
expression 5.1 𝐶2𝑖𝑗𝑘𝑙  is second order elastic tensor (constant), 

𝑆𝑚𝑛 is the strain tensor, 𝑒𝑖𝑗𝑘 piezoelectric tensor (constant), 

Υ2ij  the electric susceptibility (constant), 𝜀0 is the vacuum 

permittivity and 𝐸ℎ the electric field. In expression 5.2 𝑇𝐾𝐿
𝑆  is 

the symmetric stress tensor and 𝑇𝐾𝐿
𝑀  is the symmetric Maxwell 

stress tensor. 𝐷𝐾  is the electrical displacement in expression 
5.3. The upper cases letters indicate that the quantities are 
written in reference coordinates and lower case letters indicate 
that quantities are written in present coordinates. 

𝐾 =
1

2
𝐶2𝐴𝐵𝐶𝐷𝑆𝐴𝐵𝑆𝐶𝐷 − 𝑒𝐴𝐵𝐶𝐸𝐴𝑆𝐵𝐶 −

1

2
Υ2AB 𝐸𝐴𝐸𝐵

+ ℎ𝑖𝑔ℎ 𝑜𝑟𝑑𝑒𝑟 𝑡𝑒𝑟𝑚𝑠 −  
1

2
𝜀0𝐽𝐸𝑘𝐸𝑘    (5.1) 

𝜕𝐾

𝜕𝑆𝐾𝐿
= 𝑇𝐾𝐿

𝑆 + 𝑇𝐾𝐿
𝑀 = 𝑡𝑜𝑡𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠 𝑡𝑒𝑛𝑠𝑜𝑟   (5.2) 

𝜕𝐾

𝜕𝐸𝐾
= −𝐷𝐾    (5.3) 

Supposing |𝑢𝑖,𝐾| ≪ 1   it results [32]: 

𝐸𝐾 ≅ 𝐸𝑘 ;  𝑆𝑘𝑙 ≅
1

2
(𝑢𝑙,𝑘 + 𝑢𝑘,𝑙);  𝐷𝐾 ≅ 𝐷𝑘 ; 𝑃𝐾 ≅ 𝑃𝑘  

𝑇𝐾𝐿
𝑆 ≅ 𝑇𝑘𝑙

𝑆  ;  𝑇𝐾𝐿
𝑀 ≅ 𝑇𝑘𝑙

𝑀 𝑒𝑡𝑐  (6) 

Using 6 and rewriting equations of material in terms of present 
coordinates (lower case letters) results in: 

𝜏𝑖𝑗 = 𝜎𝑖𝑗 + 𝑃𝑖𝐸𝑗 + 𝜀0 (𝐸𝑖𝐸𝑗 −
1

2
𝐸𝑘𝐸𝑘𝛿𝑖𝑗)  (7) 

𝜎𝑖𝑗
𝑆 = 𝜎𝑖𝑗 + 𝑃𝑖𝐸𝑗   (8) 

where 𝜎𝑖𝑗 is the Cauchy stress tensor, 𝜏𝑖𝑗  is the total stress 

tensor, 𝜎𝑖𝑗
𝑆  symmetric stress tensor and 𝑃𝑖 is polarization. 

Observing equations 5 and equation 7 it is concluded that linear 
piezoelectric constitutive equations are still valid in a presence 
of a not infinitesimal electrical field if: 

a) high order terms in 𝐾 are not significant 

b) 𝜎𝑖𝑗 ≫ 𝑃𝑖𝐸𝑗 + 𝜀0 (𝐸𝑖𝐸𝑗 −
1

2
𝐸𝑘𝐸𝑘𝛿𝑖𝑗) 

 

2.3. The Piezoelectric Harvesters Governing Equations & 
Boundary Conditions 
    A piezoelectric harvester can be modelled using the FE 
method or other numerical method. The differential equations 
to solve are the same. Typically it is solved the system of 
equations (9). Going from up to down it is identified the motion 
equation, charge equation, stress and displacement relations, 
electrical field and potential relations, electric machine 
equations and finally the constitutive equations. 

{
 
 

 
 

𝑇𝑗𝑖,𝑗 = 𝜌𝑢𝑖̈

𝐷𝑖,𝑖 = 0

𝑆𝑖𝑗 =
𝑢𝑖,𝑗 + 𝑢𝑗,𝑖

2
 ;  𝐸𝑖 = −𝜙,𝑖

Electric machine equations,  for a resistor 𝑉 = 𝑅𝐼
Constitutive equations  

   (9) 

These equations are solved in a piezoelectric body considering 
the boundary conditions as illustrated in figure 1. In this figure 
it is observed imposed electrical potential 𝜙 = 𝜙̅ 𝑜𝑛  𝑆𝜙  

(electrodes yellow surfaces) which are connected somehow to 
a green electric machine, zero electrical flux 𝐷𝑗𝑛𝑗 = 0  𝑜𝑛  𝑆𝐷  

(not electrode surface), specified displacements 𝑢𝑖 = 𝑢𝑖̅  𝑜𝑛  𝑆𝑢 
and specified stresses 𝑇𝑖𝑗𝑛𝑖 = 𝑡𝑗̅  𝑜𝑛  𝑆𝑇. Note the piezoelectric 

material surface 𝑆 = 𝑆𝜙 ∪ 𝑆𝐷 = 𝑆𝑢 ∪ 𝑆𝑇 .   
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Figure 1 – Piezoelectric body and boundary conditions 

2.4. Power Harvested by an Electrical Machine 
    In piezoelectric vibrations energy harvesters typically the 
source of energy is free, i.e., it doesn’t cost anything. With this 
in mind the quantity which is desired to measure/calculate is 
the electrical machine harvested power. This power is given by 
expression 10 in the complex domain, where 𝐼 is the current 
going through the electric machine and 𝑉 is the potential 
difference or voltage the electric machine is subjected. The 
over bar means 𝐼 and 𝑉 are represented in the complex domain 
plus the asterisk in 𝐼 means it is the complex conjugate of 𝐼.̅ The 
quantity to be measured/calculated is the nominal electrical 
power of the electric machine, i. e., the apparent power which 
is given by 11. The electric machine in this paper is represented 
by a resistor (for example: a heater) and the apparent power is 
given by expression 12. 

𝑃̅ =
1

2
𝑉̅𝐼 ̅∗  (10) 

𝑃𝑎 = |𝑃̅|   (11) 

𝑃𝑎 =
1

2
𝑅|𝐼|̅2   (12) 

 

2.5. Piezoelectric Harvesters Configurations & Circuit 
Connections 
    There are many piezoelectric vibration energy harvesters 
configurations [33]. This work is focused in four typical 
configurations. These ones are the longitudinal generator, 
transverse generator, unimorph and bimorph. Each 
configuration is presented in figure 2. In these figures yellow 
surfaces represent electrodes. Each electrode surface has an 
electric potential 𝑉𝑖. These electrodes typically are connected 
to a green electrical machine. The bimorph configuration has 
no electric connections since its connections will be explained 
further. The piezoelectric material is represented as light blue 
and the substrate as dark blue which is not a piezoelectric 
material for all configurations. The piezoelectric material 
polarization or z-direction is represented as an orange arrow 
with a P by its side. Each harvester configuration has a specific 
load (represented by red and blue arrows). This load is 
harmonic being the red arrow one direction of the loading and 
the blue one the opposite direction. For the longitudinal and 
transverse generator a harmonic pressure is applied on top and 
bottom surfaces. For the unimorph and bimorph a harmonic tip 
moment in a cantilevered beam is applied. Variants of these 
loadings and boundary conditions can be also applied. The 
brown variables represent configurations labels for geometrical 
dimensions.  

 

 

 
Figure 2 – Piezoelectric harvesters a) longitudinal generator, b) 

transverse generator, c) unimorph & d) bimorph 

There are two typical forms of connecting two piezoelectric 
harvesters with circuits, i.e., in parallel or in series. These are 
illustrated in figure 3 where the top and bottom layers are 
piezoelectric materials with the same dimensions working 
faraway resonance. Yellow lines indicate electrodes areas. The 
green resistance is the electrical machine and dark brown 
resistances are conductors or electrical wires. Piezoelectric 
materials polarization or z-direction is represented as an orange 
arrow. The red arrows indicate that the piezoelectric materials 
are loaded harmonically so that when the top piezoelectric 
layer is in compression the bottom one is in traction and vice-
versa (a cantilevered bimorph loaded by a tip bending moment 
for example). In series connection the current flows from top to 
bottom, next to the resistance and back to bottom forming a 
cycle. In parallel connection the two layers polarization 
direction is the same causing the current to flow from top and 
bottom piezoelectric material layers to the electric machine 
going next to the piezoelectric layers forming a cycle. Since the 
two piezoelectric layers generate electrical current the 
electrical machine current will be the double of bimorph series. 
 

 
Figure 3 – Harvesters connections in a) series and b) parallel 

 

2.6. Material Properties & Orientation 
    In this work two piezoelectric materials are considered: 
BaTiO3 and PZT-5H which are transversely isotropic. The 
material properties are given in tables 1 to 3 in the IEEE format, 
i.e., the order used for the piezoelectric matrices is 
[1,2,3,23,13,12]. These properties are from [34 and 35]. The 
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PZT-5H and BaTiO3 densities are respectively 7500 and 6020 
𝐾𝑔/𝑚3.  
 
𝑺𝑬 in ×  𝟏𝟎−𝟏𝟐 (𝒎𝟐/𝑵) 𝑺𝟏𝟏

𝑬  𝑺𝟏𝟐
𝑬  𝑺𝟏𝟑

𝑬  𝑺𝟑𝟑
𝑬  𝑺𝟒𝟒

𝑬  𝑺𝟔𝟔
𝑬  

PZT-5H 16.5 -4.78 -8.45 20.7 43.5 42.6 

BaTiO3 7.38 -1.39 -4.41 13.1 16.4 7.46 

Table 1 – Piezoelectric materials compliance properties  

 
𝒅 in ×  𝟏𝟎−𝟏𝟐 (𝑪/𝑵) 𝒅𝟑𝟏 𝒅𝟑𝟑 𝒅𝟏𝟓 

PZT-5H -274 593 741 
BaTiO3 -33.72 93.95 560.7 

Table 2 – Piezoelectric materials coupling matrix properties 

 
𝜺𝑻 in × 𝟖. 𝟖𝟓 ×  𝟏𝟎−𝟏𝟐 (𝑭/𝒎) 𝜺𝟏𝟏 𝜺𝟑𝟑 

PZT-5H 3130 3400 
BaTiO3 2200 56 

Table 3 – Piezoelectric materials dielectric coefficients  

Since in some configurations a substrate is present, it is still 
needed to consider a material for it. It is chosen an isotropic 
brass as substrate. This brass [36 to 37] has a 97 (𝐺𝑃𝑎) Young 
modulus, Poisson ratio 0.31, density 8490 (𝐾𝑔/𝑚3) and a 
resistivity of 7.1 × 10−8 (𝑜ℎ𝑚 𝑚) which is very low revealing 
the brass conductive nature. The brass has zero dielectric and 
coupling matrix properties. 
 
The piezoelectric properties can change varying the material 
orientation since the piezoelectric materials are transversely 
isotropic. This can cause a change in the harvested power. To 
characterize the material orientation in this work the Euler 
angles [38] (𝜙, 𝜃, 𝜓) are used relative to a right-handed 
Cartesian coordinate system. This means the material is rotated 
sequentially 𝜙 degrees around Z-axis, next 𝜃 degrees around 
new X-axis and finally 𝜓 degrees around new Z-axis. The 
associated rotation matrix [𝑎] is presented in expressions 13 
where “;” separates columns. In this work it is considered Euler 
angles between -180 to 180 degrees. Each Euler angle can 
assume only values going with a step of 5 degrees from -180, i. 
e., -180,-175,-170,-165,…,170,175,180. 

𝑎1𝑗 = [𝑐𝑜𝑠 𝜓 𝑐𝑜𝑠 𝜙 − 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜓 ; 𝑐𝑜𝑠 𝜓 𝑠𝑖𝑛 𝜙

+ 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛 𝜓 ; 𝑠𝑖𝑛 𝜓 𝑠𝑖𝑛 𝜃]    (13.1) 

𝑎2𝑗 = [−𝑠𝑖𝑛𝜓 𝑐𝑜𝑠 𝜙 − 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠 𝜓 ;− 𝑠𝑖𝑛 𝜓 𝑠𝑖𝑛 𝜙

+ 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜓 ; 𝑐𝑜𝑠 𝜓 𝑠𝑖𝑛 𝜃] (13.2) 

𝑎3𝑗 = [𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜙 ; − 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙 ; 𝑐𝑜𝑠 𝜃]                       (13.3) 

 

2.7. Out of Resonance Linear Piezoelectric Constitutive 
Equations Approximation & Power Results  
    Consider the piezoelectric harvesters of figure 2 with a 
loading faraway resonance. Supposing the order of magnitude 
of stresses being 𝑂𝑟[{𝑇}] = 1 𝑀𝑃𝑎, properties given by section 

2.6 and noting |𝜙,𝐾| ≪ 1 the following order of magnitudes 

results: 

𝑂𝑟[[𝑆𝐸]{𝑇}] = 1 × 10−5;  𝑂𝑟[[𝑑]𝑇{𝐸𝑘}] ≤ 1 × 10
−10 

 𝑂𝑟[[𝑑]{𝑇}] = 1 × 10−4  ;    𝑂𝑟[[𝜀𝑇]{𝐸𝑘}] ≤ 1 × 10
−9 

This means equations 1 can be approximated with good 
accuracy by equations 14 which are uncoupled. 

{𝑆} = [𝑆𝐸]{𝑇}    (14.1) 

{𝐷} = [𝑑]{𝑇}    (14.2) 

Now consider that the electrical field is not much smaller than 
1. In these conditions the equations 14 are still valid provided 
that 𝑂𝑟[{𝐸𝑘}] ≤ 1𝑒4. This means that if the stress gets one 
order of magnitude higher, the maximum 𝑂𝑟[{𝐸𝑘}] for 
equations 14 to be valid gets 1 order of magnitude higher too. 
 
Based in the previous approximation power harvested 
analytical expressions for figure 2 configurations can be 
obtained faraway resonance using classical mechanics of 
materials theory [39]. Remember from section 2.4 that the 
electrical machine is a resistance. Next the electrical current 
expressions for the different configurations are presented with 
specific loadings allowing the harvested power to be calculated 
using equation 12. In the next expressions 𝐴 refers an electrode 
area and 𝜔 is the applied harmonic load frequency in (𝑟𝑎𝑑/𝑠). 
 
A) Longitudinal generator – consider an harmonic pressure 𝜎𝑙𝑝 

applied on top and bottom surfaces in figure 2.a). Using 
equations 2 and 3 with 14 it is obtained 15. A more general 
approach can be found in [6]. 

|𝐼| = |𝜔𝑑(3,3)𝜎𝑙𝑝𝐴|  (15) 

B) Transverse generator – consider an harmonic pressure 𝜎𝑡𝑝 

applied on top and bottom surfaces in figure 2.b) Using 
equations 2 and 3 with 14 it is obtained: 

|𝐼| = |𝜔𝑑(3,2)𝜎𝑡𝑝𝐴|  (16) 

C) Unimorph – consider a harmonic tip bending moment 𝑀 is 
applied around the neutral axis in figure 2.c). Then the average 
axial stress [37] that the piezoelectric layer is subjected is given 
by expression 17. In this expression 𝑗0 is the distance of the 
beginning of the piezoelectric material to the neutral axis, 𝐼𝑛 is 
the transformed section moment of inertia and 𝑛 is the ratio 
between piezoelectric and substrate axial elasticity values.  

𝜎𝑎𝑝̅̅ ̅̅̅ =
𝑛|𝑀(2𝑗0 + 𝑡𝑝)|

2𝐼𝑛
  (17) 

Now using 2 and 3 with 14 and 17 it results: 

|𝐼| = |𝜔𝑑(3,2)𝜎𝑎𝑝̅̅ ̅̅̅𝐴|   (18) 

A more general bending study can be seen in [13]. 
D) Bimorph – here the load is the same as for the unimorph. 
Expressions 17 and 18 can still be used but now the 
piezoelectric material layer thickness 𝑡𝑝 is different and the 

transformed section is other one. It is needed to take in 
account if the harvester is connected in series or in parallel. 
 

2.8. General Finite Element Modelling 
    To model the harvesters using the finite element method it is 
decided to use ANSYS version 13 Software. The different 
materials are modelled using SOLID226 linear piezoelectric 20 
nodes element. Element SOLID226 has 4 degrees of freedom 
(DOF) per node, i.e., three translations and a voltage DOF. The 
electrodes are modelled coupling the voltage DOF on the nodes 
of the respective surface. To model conductor resistivity or the 
resistance the element CIRCU94 is used. All the previous 
elements provide solution for vibration harmonic analysis 
which is the analysis used in this work.  
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2.9. Geometry, Loadings and Boundary Conditions & Finite 
Element Mesh 
    Defined how the model is created using the finite element 
method it is necessary to specify the geometry of the different 
configurations. This is presented in tables 4 and 5. Note in table 
5 it is also presented the value of the substrate equivalent 
resistance. 
 

Configuration a(cm) b(cm) t(cm) h(cm) 

Longitudinal Generator 0.387 0.387 --- 0.025 

Transverse Generator 0.387 0.387 0.025 --- 

Table 4 – Longitudinal and transverse generators dimensions 

 

Configuration L (cm) W(cm) tp(cm) ts(cm) 𝑹𝒆𝒒 (ohm) 

Unimorph 1 0.15 0.025 0.075 − 

Bimorph 1 0.15 0.0125 0.075 3.55e-6 

Table 5 – Unimorph and bimorph harvesters dimensions 

The next step is to specify the loadings and boundary 
conditions for the different configurations thinking in terms of 
geometry. For the longitudinal and transverse generators top 
and bottom surfaces pressures of 10 𝑀𝑃𝑎 harmonic 1 𝐻𝑧 (this 
load case is labelled P) are applied. For the unimorph and 
bimorph the beam root has all the displacements equal to zero. 
In these last two configurations the loading condition is a tip 
bending moment of 0.00254 (𝑁𝑚) harmonic 1 𝐻𝑧 (this load 
case is labelled B) .This is done applying a force of 1.2685 (𝑁) in 
each one of the four cantilever tip corners. Note that at the top 
corners the force will point from root to tip and in the bottom 
corners the force will point from tip to root or vice-versa. For 
the four configurations an electrode connected to the ground is 
specified, i. e., 𝑉2 = 0. 
After the loading and boundary conditions are defined the 
required mesh is obtained for converged electrical machine 
power results. The meshes are presented in figure 4. The blue 
portions are piezoelectric material and the rocky ones are 
substrate or brass material. 
 

Figure 4 – FE model meshes a) longitudinal & transverse generators, 
b) unimorph and c) bimorph 

 

2.10. FE Model Validation 
    In this section the previous section load cases P and B are 
considered for the four harvester configurations. The 
harvesters are modelled using only BaTiO3 and PZT-5H is 
ignored for validation purposes. The finite element simulations 
are run for the four configurations with the electric machine 
being a 1 𝑜ℎ𝑚 resistance. The orientation of each piezoelectric 
material varies for each configuration and related Euler angles 

will be presented. Note that in the bimorph series case since 
there are two piezoelectric material layers for the coupling 
matrix constant 𝑑(3,2) of each layer be equal (in modulus), one 
layer has an orientation rotated 180 degrees around Y-axis of 
the other layer. For the bimorph parallel the two layers have 
the same material orientation. In table 6 the power results of 
FE model and analytical expressions are presented. As it can be 
seen in table 6 the relative error (RE) modulus has a maximum 
of 4.83% showing good agreement between FE method results 
and analytical expressions. The existent relative error is mainly 
due to a different stress distribution between the FE model and 
theoretical results plus boundary conditions.  
 

Configuration 
𝝓, 𝜽,𝝍 

(𝒅𝒆𝒈) 

𝑷𝒂𝑭𝑬  

(𝒑𝒘) 

𝑷𝒂𝒕𝒉𝒆𝒐𝒓𝒚  

(𝒑𝒘) 
|RE(%)| 

Long. G. -70,50,-115 2.15e-2 2.22e-2 3.26 

Trans. G. -120,-125,5 1.45e-2 1.52e-2 4.83 

Unimorph -50,135,0 9.90e-3 1.03e-2 4.04 

Bimorph Series -55,130,-175 1.57e-2 1.54e-2 1.95 

Bimorph Parallel -110,-130,175 6.25e-2 6.04e-2 3.48 

Table 6 – Piezoelectric harvesters FE method and analytical results 
comparison with BaTiO3 

The value of the electrical field and strain is also observed for 
the FE models in table 7 to check the validity of linear 
piezoelectric constitutive equations. Note that the strain is a 

measure of |𝑢𝑖,𝐾| because of expression 9. As it can be seen in 

table 7 the strain is very low satisfying the condition |𝑢𝑖,𝐾| ≪ 1. 

However the electrical field is not much smaller than 1 reaching 

order of magnitude 1 × 105 breaking the classical conditions 
for linear piezoelectric constitutive equations. This also shows 
that we are inside of section 2.7 expressions conditions since 
𝑂𝑟[{𝑇}] = 10 𝑀𝑃𝑎 for all four configurations. 
 

Configuration 𝑴𝒂𝒙 |𝑬𝒌| (𝑽/𝒎)  𝑴𝒂𝒙 |𝒔𝒕𝒓𝒂𝒊𝒏| 

Long. G. 4.01e2 8.62e-5 

Trans. G. 1.03e4 9.80e-5 

Unimorph 4.46e4 8.27e-5 

Bimorph Series 2.52e5 1.44e-4 

Bimorph Parallel 2.39e5 1.49e-4 

Table 7 – Maximum electrical field and strain with BaTiO3 

 

3. Optimization & Design Variables 
    In this work what is desirable to optimize is the electrical 
machine harvested power, so this is the objective function: 

𝑂 = 𝑃𝑎 

The design variables are the Euler angles or each piezoelectric 
material layer orientation. The Euler angles are constrained 
between -180 to 180 degrees assuming only discrete values as 
stated in section 2.6 end.  
The optimization method used is a modified simulated 
annealing based in the Monte Carlo step proposed in the 
Metropolis algorithm [31, 40]. The reason to choose a gradient 
free optimization method is to search relatively quick for global 
maximums. The algorithm is presented in annex 1. In parallel to 
the algorithm it   
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is saved the best encountered solution during the optimization. 
After finishing optimization the optimized and best 
encountered solutions are compared. It is taken the best one as 
the optimal. The different optimization options used in this 
paper are presented in table A.1 of annex 1. 
 

4. Harvested Power Optimization Faraway Resonance 
    In this section it is optimized the electrical machine power 
using the ANSYS or FE model, varying piezoelectric material 
orientation for the four configurations and different loadings. 
The electric machine is a resistance 1 𝑜ℎ𝑚. The analysis is 
harmonic and all loadings are 1Hz to be faraway resonance. The 
piezoelectric material can be BaTiO3 or PZT-5H.  
 

4.1. Loading and Boundary Conditions 
    The longitudinal and transverse generators are subjected to 
two load cases. The first load case is the load case labelled P of 
section 2.9. The second load case is the previous 10 𝑀𝑃𝑎 of 
load case P plus a shear stress of 40 𝑀𝑃𝑎 (this load is labelled 
PS). The shear stress is caused applying a 38 (N) force in each 
lateral face as illustrated in figure 5a). The boundary condition 
𝑉2 = 0 is applied for the load cases P and PS.  
The unimorph and bimorph are subjected to two load cases. 
The first one is equal to load case labelled B of section 2.9 
which is a tip 0.00254 (𝑁𝑚) bending moment. The second load 
case is a tip 0.003 (𝑁𝑚) torque (this load is labelled T). The 
torque is caused applying a 1.2 (𝑁) force on each tip lateral 
faces as illustrated in figure 5b). For the two load cases the 
boundary conditions are zero displacements at root plus 𝑉2 =
0. 

 
 
 

4.2. Optimization Results & Discussion 
    The harvested power is optimized with options 1 table A.1 in 
annex for longitudinal and transverse generators plus unimorph 
and table A.1 options 2 for bimorph.  
 
The results for longitudinal and transverse generators are 
presented in table 8. In this table going from left to end column 
it is observed the load case and configuration label, the 
piezoelectric material used in the configuration, the harvested 
power for initial orientation which is Euler angles (0,0,0) 
orientation or classical orientation, the optimization process 
time, number of objective function evaluations, optimized 
orientation Euler angles and correspondent harvested power 
and finally the ratio between optimum and classical orientation 
powers. The optimized orientations are presented in figure 6 
relative to figure 6REF) coordinate system or classical 
orientation. Each parallelepiped represents piezoelectric 
material and is aligned with Euler angles orientation or material 
orientation. The parallelepiped longest edge is aligned with X-

axis, the smallest with Z-axis and the medium with Y-axis. The 
X, Y and Z axis are also represented by pink, black and red 
arrows respectively. The power ratio column shows that for all 
configurations there is an improvement in rotating BaTiO3 in 
range 5.5 to 445.7. For the PZT-5H there is a significant 
improvement in rotating material only for load case PS.4. The 
optimization shows for PZT-5H that there are non-classic 
orientations which perform as good as the classical one (for 
example P.2). Considering now P load cases the maximum 
power is produced by longitudinal generator with PZT-5H 
1.56 × 10−1(𝑝𝑤); for both configurations PZT-5H produces the 
highest power; the longitudinal generator for both piezoelectric 
materials produces the highest power; the ratio of maximum 
power between PZT-5H and BaTiO3 is 7.1. In the next load cases 
PS, a shear is introduced and the maximum power is produced 
by longitudinal generator with BaTiO3 3.35 × 10−1(𝑝𝑤); for 
both configurations, BaTiO3 produces the  
highest power; the longitudinal generator continues to produce 
the highest power for both materials; the ratio of maximum 
power between BaTiO3 and PZT-5H is 2.12. The orientations 
obtained for load cases PS are different from load cases P 
showing that if the loading changes, the optimum orientation 
can also change. 
 
The results for unimorph and bimorph are presented in table 9. 
In this table the column labels mean the same as table 8 but 
now the Euler angles are doubled since two piezoelectric 
material layers are considered for bimorph (for unimorph only 
three). The Euler angles indexed by 1𝑚 refer to layer 1 or the 
layer delimited by potentials 𝑉1 and 𝑉2 in figure 2d). The other 
Euler angles or 2𝑚 refer to the other layer. In figure 7 the 
reference and table 9 optimized orientations are presented. It 
is important to note that the classical orientation for bimorph 
series (0,0,0,0,0,0) is the one as figure 3a) ,i.e., z-direction of 
one layer is opposite of the other and for bimorph parallel 
(0,0,0,0,0,0) corresponds to the two layers having the same 
orientation as shown in figure 3b). In this optimization the two 
bimorph piezoelectric material layers have no constraints. Now 
looking to the results the power ratio and optimized power 
values show that for all load cases there is a significant power 
improvement rotating BaTiO3; for PZT-5H there is no significant 
power improvement except for T load cases. Considering now 
the B load cases the maximum power is generated by the 
bimorph parallel with PZT-5H material 6.84 × 10−2(𝑝𝑤); the 
bimorph parallel generates the highest power for both 
materials; the lowest power is generated by unimorph for both 
materials; the PZT-5H shows no improvement in rotation; the 
ratio of maximum powers between PZT-5H and BaTiO3 is 1.4. In 
the next load cases T, the conventional orientation, can’t take 
any power; the highest power is produced by bimorph parallel 
with BaTiO3 1.25 × 10−2(𝑝𝑤); the bimorph parallel continues 
to produce the highest power for both materials; the ratio of 
maximum powers between BaTiO3 and PZT-5H is 16. The 
orientations obtained for the T load cases are different from 
the B load cases. 
 
It is important to note that for the majority load cases of tables 
8 and 9 the optimized orientation is not near maximums of 𝑑33 
,𝑑32 and 𝑑34 showing that the optimization is not only 
improving these piezoelectric constants values. 
 
The optimization time varies approximately between 1h to 13h 
for three or six Euler angles respectively which is acceptable.

Figure 5 – Loading condition for a) longitudinal & transverse 
generators, b) unimorph and bimorph 
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Load Case & Configuration Piezo. Mat. 𝑷𝒂𝟎 (pw) Time (min) 𝑵𝒆𝒗𝒂𝒍 𝝓𝒎𝒂𝒙, 𝜽𝒎𝒂𝒙,𝝍𝒎𝒂𝒙 (deg) 𝑷𝒂𝒎𝒂𝒙 (pw) 
𝑷𝒂𝒎𝒂𝒙
𝑷𝒂𝟎

 

P.1 – Long. G. BaTiO3 3.92e-3 46.2 253 -70,50,-115 ∗1 2.15e-2 5.5 

P.2 – Long. G. PZT-5H 1.56e-1 46.7 253 90,180,130 ∗1 1.56e-1 1.0 

P.3 – Trans. G. BaTiO3 5.05e-4 36.5 190 -120,-125,5 ∗2 1.45e-2 28.7 

P.4 – Trans. G. PZT-5H 3.33e-2 47.4 253 -10,0,-40 3.33e-2 1.0 

PS.1 – Long. G. BaTiO3 3.92e-3 47.7 253 -140,-55,-135 3.35e-1 85.4 

PS.2 – Long. G. PZT-5H 1.56e-1 48.8 253 65,20,-45 1.58e-1 1.0 

PS.3– Trans. G. BaTiO3 5.05e-4 26.5 145 160,50,130 2.25e-1 445.7 

PS.4 – Trans. G. PZT-5H 3.33e-2 48.5 253 -180,40,50 5.34e-2 1.6 

Table 8 – Optimization results longitudinal and transverse generators; ∗𝟏 orientation near a |𝒅𝟑𝟑| maximum; ∗𝟐 orientation near a |𝒅𝟑𝟏| maximum 

 

 

 
Figure 6 – Reference and optimized material orientations for P and PS load cases 

 

Load Case & Configuration 
Piezo 
Mat 

𝑷𝒂𝟎 

(pw) 

Time  
(min) 

𝑵𝒆𝒗𝒂𝒍 𝝓𝟏𝒎/𝝓𝟐𝒎 ; 𝜽𝟏𝒎/𝜽𝟐𝒎 ;  𝝍𝟏𝒎/𝝍𝟐𝒎 (deg) 
𝑷𝒂𝒎𝒂𝒙  

(pw) 

𝑷𝒂𝒎𝒂𝒙
𝑷𝒂𝟎

 

B.1 – Unimorph BaTiO3 3.23e-4 56.3 253 -50; 135; 0 9.94e-3 30.7 

B.2 – Unimorph PZT-5H 1.32e-2 56.5 253 0 ; 0 ; 0 1.32e-2 1.0 

B.3 – Bimorph Series C. BaTiO3 4.79e-4 783.9 813 -130/160 ; -45/-65; 5/-150 1.21e-2 25.3 

B.4 – Bimorph Series C. PZT-5H 1.71e-2 778.3 813 0/0 ; 0/0 ; 0/0 1.71e-2 1.0 

B.5 – Bimorph Parallel C. BaTiO3 1.92e-3 415.4 436 0/-145 ; 55/35 ; -5/-10 4.90e-2 25.5 

B.6 – Bimorph Parallel C. PZT-5H 6.84e-2 776 813 0/0 ; 0/0 ; 0/0 6.84e-2 1.0 

T.1 – Unimorph BaTiO3 0 54.4 244 -70 ; 125 ; -45∗3 2.61e-3 --- 

T.2 – Unimorph PZT-5H 0 57.2 253 -40 ; 55; 45 1.77e-4 --- 

T.3 – Bimorph Series C. BaTiO3 0 817.8 813 -140/155 ; -120/-135 ; 130/35 3.38e-3 --- 

T.4 – Bimorph Series C. PZT-5H 0 783.1 813 165/105 ; -55/-60 ; -130/-50 2.51e-4 --- 

T.5 – Bimorph Parallel C. BaTiO3 0 791.3 813 -80/100 ; 50/130 ; 55/120 1.25e-2 --- 

T.6 – Bimorph Parallel C. PZT-5H 0 772.4 813 85/30 ; 115/75 ; -130/120 7.83e-4 --- 

Table 9 – Optimization results unimorph and bimorph; ∗𝟑 orientation near a |𝒅𝟑𝟒| maximum 

ZZZ
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Figure 7 – Reference and optimized materials orientations for B and T load cases 

 

5. Harvested Power Optimization in Resonance 
    In this section the previous unimorph and bimorph 
harvesters are changed so that its first resonant frequency 
without damping and electric machine is lower or near 140 
(𝐻𝑧) which is inside the range of ambient vibrations 1 to 200 
(𝐻𝑧) [7]. Next the materials damping is considered and it is 
shown its effect faraway and in resonance. The harvested 
power is optimized for a near resonance frequency considering 
B load cases. After that the power sensibility to resistance value 
is investigated for maximum power orientations. In the final 
section the power is optimized for a set of frequencies. 
 

5.1. Added Mass and Harvesters Tuning 
    There are various methods to tune a unimorph and bimorph 
harvesters frequency. In this paper one of the methods used is 
to add a tip mass. This tip mass is made of Tantalum, a high 
density and high corrosion resistant material. Its properties are 
presented in table 10 [41]. The tip mass is added to the 
harvesters as presented in figure 8 ,i.e. , adding mass to the 
cantilever tip with length 𝐿𝑡𝑖𝑝.𝑚𝑎𝑠𝑠 , constant cross section 

width 𝑊 of table 5 and the same thickness of substrate plus 
piezoelectric material layers. Two other options are also used 
to tune harvesters. One consists of increasing the beam length 
by increasing piezoelectric material layers length and substrate 
length 𝐿𝑝𝑖𝑒𝑧𝑜. The other one is to decrease substrate thickness 

𝑆𝑡ℎ𝑖𝑐𝑘. After doing a modal analysis parametric study (varying 
𝐿𝑡𝑖𝑝.𝑚𝑎𝑠𝑠, 𝐿𝑝𝑖𝑒𝑧𝑜, 𝑆𝑡ℎ𝑖𝑐𝑘) using BaTiO3 with (0,0,0) orientation or  

 
Tantalum Value 

Density (𝑲𝒈/𝒎𝟑) 16400 
Young Modulus (𝑮𝑷𝒂) 186.2 

Poisson Ratio 0.34 

Table 10 – Tantalum material properties 

classical in unimorph and bimorph, it is decided to use in both 
configurations 𝐿𝑝𝑖𝑒𝑧𝑜 = 5 (𝑐𝑚), 𝐿𝑡𝑖𝑝.𝑚𝑎𝑠𝑠 = 0.5 (𝑐𝑚), 

𝑆𝑡ℎ𝑖𝑐𝑘 = 0.05 (𝑐𝑚). This corresponds to have a 1st modal or 
bending frequency of 135.2 and 143.5 (𝐻𝑧) for unimorph and 
bimorph respectively. The tuned unimorph is named UniT and 
the tuned bimorph BimpT. 
 

 

 
Figure 8 – Harvesters frequency tuning variables a) unimorph, b) 

bimorph; blue – piezoelectric material, red – tantalum, rocky - brass 

 

5.2. Material Hysteretic Damping & Its Influence in 
Harvested Power 
    The materials used in the harvesters have hysteretic damping 
which may reduce the vibrations amplitude significantly and 
the harvested power consequently. The hysteretic damping is 
measured by the quality factor 𝑄 which is related to the 
damping ratio 𝜁 by expression 18. This damping ratio is the 
ratio between present damping 𝑐 and critical damping 𝑐𝑐. The 

𝜁 =
1

2𝑄
=
𝑐

𝑐𝑐
   (18) 

harvesters materials mechanical quality factor is presented in 
table 11. These values are obtained from [42], [43] and [19]. 
The tantalum hysteretic damping is ignored in this work. Note 
in table 11 the material with maximum damping is the PZT-5H. 
 

Material 𝑸 

Brass 1000 
BaTiO3 1300 
PZT-5H 32 

Table 11 – Harvesters materials quality factor 

In this section the objective is to analyze the influence of 
mechanical quality factor near and far resonance for a tuned 
configuration. To do this it is observed the different 
configurations power with and without damping, varying the 
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frequency. Here it is presented the unimorph cantilever power 
with PZT-5H (0,0,0) since this material has the highest damping 
(or the lowest quality factor) as an example of what happens. 
The considerate loading and boundary conditions are the same 
as load case B of section 4.1. This means that the tip bending 
moment is applied in tantalum tip. It is also used a 1 (𝑜ℎ𝑚) 
resistance as before. The hysteretic damping is inserted into 
ANSYS as an equivalent viscous damping by specifying the 
damping ratio for each material which is assumed to be 
constant. The results are presented in table 12 far resonance 
and in figure 9 near resonance with a frequency step size of 0.4 
𝐻𝑧. As it can be seen in table 12, the relative difference 
percentage (RD%) is very small showing that the damping is not 
necessary to be considered faraway resonance. The results 
presented in figure 9 show that it is necessary to consider 
 

𝒇𝟏(𝑯𝒛) 𝑸 Power (𝒑𝒘) RD% 

1 No 5.146e-1 0.04 
1 Yes 5.148e-1  

Table 12 – Tuned unimorph Q power influence 

material hysteretic damping near resonance. Note in this figure 
that the peak frequency 107.4 Hz is also the same for both 
models. 
 

 
Figure 9 – Tuned unimorph power results near resonance with 

damping and without 

5.3. Power Optimization Results & Discussion 
    The resistance 1 (𝑜ℎ𝑚) electrical power is optimized near 
resonance. This is done starting with piezoelectric material 
optimized orientations of table 9. The objective is to know if 
the previous optimal orientations continue to be optimums 
near resonance. The loading & boundary conditions are the 
same (note tip moment is applied in tantalum) as section 4.1. It 
is needed to identify an excitation frequency very near 
resonance peak. This is done running a modal analysis for table 
9 bending optimized orientations without electrical circuit and 
material damping. The excitation frequency will be the first 
modal frequency. The various frequencies for the different 
configurations are presented in table 13. Next the harvested 
power is optimized for the referred frequencies. It is used 
optimization options 1 of annex A.1 for unimorph and options 2 
for bimorph. The numerical results are presented in table 14. 
Each column means the same as table 9. The respective 
optimized orientations are presented in figure 10. As it can be 
seen in table 14 and figure 10 there is significant power 
improvement for all load cases in rotating the piezoelectric 
materials. The maximum power is produced by BaTiO3 bimorph 
parallel 1.92 (𝑚𝑤). For all configurations BaTiO3 produces 
three orders of magnitude more power than PZT-5H because it 
has a significantly higher mechanical quality factor, i.e., less 
damping. The maximum power for both materials continues to 
be produced by bimorph parallel configuration as in faraway 
resonance. The configuration that produces less power for both 
materials is the bimorph series; this is different faraway 
resonance where the unimorph configuration produced the 
lowest power for both materials. Relatively to faraway 
resonance, the power produced near resonance has increased 
1 × 1011 orders of magnitudes for BaTiO3 and 1 × 108 order of 
magnitudes for PZT-5H. This super increase is mainly due to be 
near resonance. Looking now to the orientations of figure 10 it 
is noted these ones are different of figure 7 orientations for B 
load cases. This means that the optimal orientation faraway 
resonance is different from the one optimal near it. 

 
Load Case & Configuration Piezo Mat 𝝓𝟏𝒎/𝝓𝟐𝒎 ; 𝜽𝟏𝒎/𝜽𝟐𝒎 ;  𝝍𝟏𝒎/𝝍𝟐𝒎 (deg) 𝒇𝟏(𝑯𝒛) 

B.7 – UniT BaTiO3 -50; 135; 0 142.3 

B.8 – UniT PZT-5H 0 ; 0 ; 0 110.5 

B.9 – BimpT Series C. BaTiO3 -130/160 ; -45/-65; 5/-150 148.9 

B.10 – BimpT Series C. PZT-5H 0/0 ; 0/0 ; 0/0 107.2 

B.11 – BimpT Parallel C. BaTiO3 0/-145 ; 55/35 ; -5/-10 151.7 

B.12 – BimpT Parallel C. PZT-5H 0/0 ; 0/0 ; 0/0 107.2 

Table 13 – Harvesters 1
st

 modal frequencies

 

Load Case & Configuration Piezo Mat 

𝑷𝒂𝟎 

(μw) 

Time  
(min) 

𝑵𝒆𝒗𝒂𝒍 𝝓𝟏𝒎/𝝓𝟐𝒎 ; 𝜽𝟏𝒎/𝜽𝟐𝒎 ;  𝝍𝟏𝒎/𝝍𝟐𝒎 (deg) 
𝑷𝒂𝒎𝒂𝒙 

(μw) 

𝑷𝒂𝒎𝒂𝒙
𝑷𝒂𝟎

 

B.7 – UniT BaTiO3 0.53 76.1 199 175 ; -145 ; -160 1916.90 3616.8 

B.8 – UniT PZT-5H 0.90 100.2 253 5 ; 150 ; -180 1.92 2.1 

B.9 – BimpT Series C. BaTiO3 0.50 2449.2 610 70/-170 ; 30/-40 ; -55/-170 1052.35 2104.7 

B.10 – BimpT Series C. PZT-5H 0.60 3362.2 813 -65/140 ; -35/30 ; 155/175 1.23 2.1 

B.11 – BimpT Parallel C. BaTiO3 0.98 2241.5 552 -65/-85 ; 30/50 ; -175/-75 8062.17 8227.3 

B.12 – BimpT Parallel C. PZT-5H 2.36 3495.6 813 -60/125 ; 30/30 ; 5/0 5.08 2.2 

Table 14 – Tuned harvesters power optimization 
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Figure 10 – Reference and optimized materials orientations for B load cases near resonance 

Looking to the orientations in table 14 it is important to note 
these ones are not near maximums of 𝑑33, 𝑑32 or 𝑑34 showing 
that the optimization is not only improving these piezoelectric 
constants values. 
 
The optimization takes much more time than table 9 for the 
bending load cases. This is due to the significant increase of 
elements number due to frequency tuning. The optimization 
time varies between 1.3 hours and 58 hours which is 
acceptable. 
 
The power has been optimized for the 1st modal frequency of 
the different configurations. The frequency versus power is 
shown in figures 11 to 12 for the optimal orientations and 
classic orientations. It is presented as triangles the optimum 
obtained powers. As it can be seen in figure 11, the optimized 
power for BaTiO3 is the power peak and the classical 
orientation power peak is significantly lower than the 
optimized one. For the PZT-5H the optimized power is not the 
peak plus classical orientation peak is higher than the optimal 
one. As it can be seen in figures 11 and 12 the peak power 
produced by BaTiO3 is around at least 3 orders of magnitude 
higher than PZT-5H. It is observed a general increase in power 
near resonance as expected since observed in other works [19]. 
 

 
Figure 11 – Power vs frequency BaTiO3 

 
Figure 12 – Power vs frequency PZT-5H 

The optimized power for PZT-5H is not the power peak. To 
cause power peak optimization and to know if the current peak 
power can be increased it is decided to do an additional power 
optimization (UniT 2) for the PZT-5H configurations but now the 
excitation frequency will be figure 12 peaks frequencies. For 
the bimorph series and parallel no improvement is verified but 
for unimorph it is found a peak power improvement of 1.2 
being 9.31 (𝜇𝑤). The power vs frequency for this optimized 
solution is presented in figure 12 as blue (UniT 2). The new 
obtained optimized orientation is (110,25,0) degrees. This 
orientation is presented in figure 13. As it can be seen this 
orientation is very different from previous one (figure 10 B.8).  
 

 
Figure 13 – Optimized material orientation B.8) second optimization  
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5.4. Harvested Power Sensitivity to Resistance 
    In this section it is studied the power sensibility to resistance. 
To do this the UniT, BimpT Series and BimpT Parallel 
configurations of section 5.3 with maximum power orientations 
are run for different resistances and respective power peak 
frequency. The power vs resistance curves are presented in 
figures 14 and 15 for BaTiO3 and PZT-5H respectively. In table 
15 it is presented the excitation frequency, optimum resistance 
and power for the different configurations. As it can be seen in 
figures 14 and 15 plus table 15 there is an optimum resistance 
value as expected according to [3]. This value changes with 
material and configuration; the “difference” between power 
generated by PZT-5H and BaTiO3 is of an order of magnitude 10 
which is much lower than the one observed in table 14 (three 
orders of magnitude). For all configurations the maximum 
power is generated by configurations with BaTio3 and the 
maximum power continues to be produced by bimorph parallel 
for both materials. For PZT-5H bimorph series and parallel with 
optimum resistance value the produced power is near the 
same. This was also observed in [19] for the same material and 
orientation. For BaTiO3 the same effect is not observed, 
showing that it cannot happen if the material is changed.  
 

 
Figure 14 – Power vs resistance for BaTiO3 configurations 

 

 
Figure 15 – Power vs resistance for PZT-5H configurations 

Configuration Material 𝒇𝒆𝒙𝒄(𝑯𝒛) Ropt (ohm) Power (watt) 

UniT BaTio3 142.3 1.0E+04 1.89 

UniT PZT-5H 107.6 1.0E+05 0.15 

BimpT Series BaTio3 148.9 1.0E+04 1.58 

BimpT Series PZT-5H 103.2 1.0E+05 0.13 

BimpT Parallel BaTio3 151.7 1.0E+03 2.31 

BimpT Parallel PZT-5H 103.2 1.0E+04 0.14 

Table 15 – Peak power for optimum resistance 

 

5.5. UniT Power Optimization for Various Frequencies, 
Results & Discussion 
    In this section it is optimized the UniT power for a set of 
discrete frequencies. The objective function value is changed to 
a discrete sum of powers (for different frequencies) given by 
expression 19 where 𝑁 is an integer. The design variables 
continue to be the piezoelectric materials orientations. Looking  

𝑂 =∑𝑃𝑎𝑖

𝑁

𝑖=1

  (19) 

to figures 11 and 12 it is decided to use frequencies in the 
range 130 to 150 (𝐻𝑧) and 95 to 115 (𝐻𝑧) for BaTiO3 and PZT-
5H respectively. The frequency step used is 1 Hz meaning that 
𝑁 = 21 for both materials. The optimization options are 
options 1 of annex 1. The initial orientations are (175,-145,-160) 
or table 14 orientation for BaTiO3 and (0,0,0) or classical for 
PZT-5H (these are orientations for maximum peak power). The 
power results are presented in table 16 and figure 16 (squares 
are interpolation points). In this table 𝑂0 is the initial objective 
function value and 𝑂𝑚𝑎𝑥 the optimized one. The BaTiO3 shows 
a significant power improvement. The power peaks ratio for 
BaTiO3 is 1.7. It is important to note that the term contributing 
more for the objective function value in the BaTiO3 case is the 
power peak. PZT-5H classical orientation is not beat showing 
this orientation as one already optimized for various 
frequencies. The new BaTiO3 orientation is presented in figure  
 
Material 𝑶𝟎 (𝝁𝒘) Time 𝑵𝒆𝒗𝒂𝒍 𝝓,𝜽,𝝍 (𝒅𝒆𝒈) 𝑶𝒎𝒂𝒙(𝝁𝒘) 

BaTiO3 115.2 615.4 172 -40, -55, -175 3026.3 

PZT-5H 29.9 989.2 253 0, 0, 0 29.9 

Table 16 – UniT various frequencies optimization 

 
Figure 16 – UniT power vs frequency with BaTiO3 
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17. Note this orientation is different from the previous B.7) and 
B.1) orientations. 
 

 
Figure 17 – UniT with BaTiO3 optimized orientation 

 

6. Conclusions & Future Work 
    In section 2 very high electrical fields are observed for 
piezoelectric harvesters creating the need to study in more 
depth the applicability of linear piezoelectric constitutive 
equations in the presence of high electrical fields. Simple 
expressions are presented to design piezoelectric vibrations 
energy harvesters with specific loadings faraway resonance. 
    In section 4 it is shown faraway resonance that the best 
material for an energy harvester configuration can change with 
the loading conditions; the best material orientation can 
change with harvester configuration and loading conditions (for 
a specific harvester). 
    In section 5 the need to include hysteretic damping near 
resonance is shown after tuning unimorph and bimorph 
configurations for ambient vibrations. The power optimization 
for the first modal frequency shows BaTiO3 as a material 
capable of producing more power than PZT-5H, i. e., around 
three orders of magnitude higher. In resonance the optimized 
harvester material orientations can be different of the ones 
faraway resonance. The power sensibility to resistance shows 
that for optimum resistance value the BaTiO3 harvesters 
produces one order of magnitude more power than PZT-5H 
harvesters. The various frequencies power optimization near 
resonance shows PZT-5H has a material already optimized for 
various frequencies and that BaTiO3 optimal orientation 
changes. 
    The obtained results encourage piezoelectric material 
tailoring to increase harvested power faraway resonance and in 
resonance. The tailoring method can involve building 
piezocomposites with various materials & different orientations 
and so on. The simple expressions obtained faraway resonance 
can be used as a starting point. The obtained results in 
resonance show that the material orientation is not rotating to 
orientations of maximum piezoelectric constants 𝑑33, 𝑑32 and 
𝑑34. Near resonance harvested power simple expressions 
cannot be obtained. The finite element method provides a 
suitable tool to simulate the harvesters and calculate power. 
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Annex 1 – Simulated Annealing Script & Options 

    The simulated annealing algorithm used in this paper is 
presented in Script 1. 
 

---------------------------------------Script 1--------------------------------------- 
STEP1. Define Mnr maximum number of consecutive rejections; Mnt 

maximum number of tries within one temperature; MnS maximum 

number of successes within one temperature; 𝐾𝐵 a numerical constant; 

Ti Initial temperature; TSTOP stop temperature; 𝐷𝑉0 initial design 

variables vector; 𝑟 cooling factor. Start counters number of tries Nt = 0 

; number of successes NS = 0; number of consecutive rejections 

Nr = 0. Start temperature 𝑇𝐿 = 𝑇i with counter 𝐿 = 0. Start number of 

function evaluations counter 𝑘 = 0. Start optimum design variables as 

𝐷𝑉optim = 𝐷𝑉0 and calculate respective objective function 𝑂𝑘 =

𝑂optim. 

STEP2. Nt = Nt + 1;  

STEP3. If Nt ≥ Mnt or NS ≥ MnS go to STEP4. Else go to STEP6. 

STEP4. If 𝑇𝐿 < TSTOP 𝑜𝑟 Nr ≥ Mnr END. Else go to STEP5. 

STEP5. Cool the temperature: 𝐿 = 𝐿 + 1 and 𝑇𝐿 = 𝑇𝐿−1𝑟 ; Nt = 1 ; 

 NS = 1; 𝑘 = 𝑘 + 1; 

STEP6. Do 𝑘 = 𝑘 + 1. Generate new design variables 𝐷𝑉𝑘 and a 

corresponded objective function value 𝑂𝑘 

STEP7. If 𝑂𝑘 > 𝑂optim   𝐷𝑉optim = 𝐷𝑉𝑘   𝑎𝑛𝑑   𝑂optim = 𝑂𝑘, do 

NS = NS + 1, Nr = 0 and go to STEP2.  

STEP8. Generate a random number 𝑟𝑑  between 0 and 1; If 𝑟𝑑 <

e(𝑂𝑘−𝑂𝑘−1)/(𝐾𝐵𝑇𝐿) do 𝐷𝑉optim = 𝐷𝑉𝑘, 𝑂optim = 𝑂𝑘 

and NS = NS + 1. Else do Nr = Nr + 1. Go to STEP2. 

--------------------------------------------------------------------------------------- 

 
The different optimization options used in this paper are 
presented in table A.1. 
 

Optimization Algorithm Value – Options 1 Value – Options 2 

𝐌𝐧𝐫 100 400 
𝐌𝐧𝐭 10 30 
𝐌𝐧𝐒 100 100 
𝑲𝑩 1 1 
𝐓𝐢 100 100 

𝐓𝐒𝐓𝐎𝐏 0.3 0.3 
𝒓 0.8 0.8 

Table A.1 – Optimization options 

 
 
 
 
 
 
 
 
 
 


